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ALLOCATION OF RETURNS FROM AN EFFICIENT PORTFOLIO 

5 

APPLICATION FOR PATENT 
Specification 
Field of the Invention 
The present invention relates to computer systems and methods for allocation of 
10 investments and distribution of investment returns based on a risk return analysis of 
modern portfolio theory. 

Background of the Invention 
Individuals today may allocate their investment resources among a variety of 
asset classes; for example, equity, fixed income, international, emerging markets, etc. 

15 Within each asset class are a great number of individual assets to analyze and select. 
Investors may diversify and obtain professional management of their investment 
resources by investing in a professionally managed mutual fund. However, there are 
literally thousands of mutual funds to choose from offering a bewildering array of 
different investment philosophies. Many individuals do not have the time, inclination 

20 or expertise to manage their investments optimally or even choose the best mutual fund 
for their investment goals. Optimal investment of resources among a variety of assets 
is a complicated statistical and computationally intensive process beyond the reach of 
most investors. 

Ideally an investor should allocate his or her investment to achieve a maximum 
25 expected rate of investment return consistent with the investor's tolerance for risk. A 
portfolio that is suitable for a particular investor can be constructed by combining assets 
with different expected rates of return and different levels of risk. 

1 
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The expected rate of return for a combined portfolio of assets with different 
expected rates of return is the sum of the expected rates of return of each individual asset 
in the portfolio weighted by its proportion to the total portfolio: 



N 
= E 
i=l 



r T = ^ r.w, 



5 where: r T is the expected rate of return of the portfolio of combined assets; 

r . is the expected rate of return of the i* asset; 
i is the proportion of the value of the i* asset to the total portfolio value, 
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and 



N is the total number of assets in the portfolio. 
For example, consider a stock, A, with an expected rate of return 7 X =0.1 and a 

bond, B, with an expected rate of return ?=0.05. The expected rate of return of a 
portfolio consisting of 40% stock A and 60% bond B will be: 

P r =0.1*0.4 ♦ 0.05x0.6 = 0.07 

Risk may be characterized in different ways. Probably the most common 
measure of risk is volatility, measured by standard deviation. Standard deviation is the 
square root of the variance of the returns of an asset or portfolio of assets. The variance 
is a measure of the extent to which the return on an asset or portfolio of assets deviates 
from an expected return. An asset with a higher standard deviation will be considered 
more risky than an asset with a lower standard deviation. Other measures of risk include 
semi-variance about a target return, which is a measure of the extent to which the return 
of an asset or portfolio of assets will fall below a target level of return. Another measure 
of risk is "value at risk," which is a measure of how much an asset or portfolio of assets 
can lose in value with a given probability. 

The risk level of a combined portfolio of assets will depend on the risk measure 
used. For example, consider the risk associated with a combined portfolio using 
variance, or equivalendy, standard deviation as the measure of risk. The standard 
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deviation of the returns of a risk-free asset is zero whereas the standard deviation of the 
returns of a risky asset is greater than zero. Standard deviation is the square root of the 
variance. The variance is: 

E{(r-r) 2 } 

5 where: r is a random variable representing the rate of return on an asset or portfolio; 

r is the expected value of r; and 

E denotes the expectation operator. 
Combining a plurality of risky and risk-free assets in a portfolio will result in a 
portfolio with a standard deviation that is equal to or less than the weighted sum of the 
1 0 standard deviations of the component assets. For example, when two risky assets with 
variances o 2 } and o*, respectively, are combined into a portfolio with portfolio weights 

w, and w 2 , respectively, the portfolio variance, c r is given by: 

o^,=Wja^ + w^o^lw^ cov (r p r 2 ) 

' where cov (r„ r 2 ) = the covariance of the two assets. 
1 5 The covariance is a measure of how much the returns on the two assets move in 

tandem, and is defined as follows: 

cov (r^ 2 )=a n =£[(/", -r[)(r 2 -r 2 )] 

A positive covariance means that the asset returns move together; if one has a 
positive deviation from its mean, they both do. A negative covariance means that asset 
20 returns move in opposite directions; if one has a positive deviation from its mean, the 
other has a negative deviation from its mean. The correlation coefficient, p 12 , is the 
covariance of the two assets divided by the product of their standard deviations (i.e., p, 2 
- a ]2 /(<T,o 2 )). The correlation coefficient, p 12 may range from -1 (indicating perfect 
negative correlation) and +1 (indicating perfect positive correlation). Thus, the 
25 magnitude of the correlation coefficient, |p 12 |, is always less than or equal to 1 . 

The equation for the variance of the portfolio, o* 9 shows that a positive 

covariance increases portfolio variance beyond Z c. . A negative covariance 
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decreases portfolio variance. By investing in two assets that are negatively correlated, 
if one asset has a return greater than its expected return, that positive deviation should 
be offset by the extent to which the return of the other asset falls below its expected 
return. 

5 The equation for c T further shows that the standard deviation of the portfolio is 

always equal to (in the case p, 2 = 1) or less than (in the case |p„| < 1) the weighted sum 
of the standard deviations of the component assets. That is: 

Since the return of the combined portfolio is the weighted average of the returns 
10 of the component assets, portfolios of less-than-perfectly correlated assets always offer 
better risk return opportunities than the individual component securities. See, e.g., 
"Investments, 3rd Edition," p. 1 97, Bodie, Kane & Marcus, Irwin, McGraw Hill (1 996). 
These results are true generally for a combined portfolio comprising numerous risky 
assets, for which the variance is given by: 

■> N ■> ? r. N 

15 4 " . E M>y t ♦ ,7, £ w,w y cm (r, r) 

Thus, since the magnitude of the correlation coefficient, |p 12 |, for any two 
different assets, (a,, a;), is less than or equal to 1, c\ is always less than or equal to 



' N 



E wp, 



N 



. Thus, o T is always less than or equal to E wp, 



Given a set of imperfectly correlated risky assets, an innumerable set of 
20 combined portfolios can be constructed, each comprising different proportions of the 
component assets. An optimum portfolio is one in which the proportion of each asset 
comprising the portfolio results in the highest expected return for the combined portfolio 
for a given level of risk. Alternatively, an optimum portfolio is one in which the 
proportion of each asset comprising the portfolio minimizes the risk of the combined 
25 portfolio for any targeted expected return. See, e.g. , "Investments, 3rd Edition," Bodie, 
Kane & Marcus, Irwin, McGraw Hill ( 1 996). 
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This is illustrated in Figure 1 , using variance, or equivalently, standard deviation, 
as the risk measure. Figure 1 is a graph of the minimum variance frontier of risky assets. 
This frontier is a graph of the expected risk and return of the portfolios with the lowest 
possible risk for given expected returns. This graph can be obtained by finding the set 
5 of weights for each component asset that will give the minimum variance for each 

targeted expected return. 

The global minimum variance, Point A in Figure 1 , is the lowest variance that 
can be achieved, given the assets selected to comprise the portfolio. The portion of the 
minimum variance frontier that is concave downward, lying above and to the right of the 

10 global minimum variance, is called the efficient frontier. In Figure 1, the efficient 
frontier is represented by the solid line above and to the right of Point A. The portion 
of the curve that is concave up from the global minimum variance represents inefficient 
points (portfolios), as there are points that lie directly above with higher expected return 
at the same level of risk (those points on the efficient frontier). In Figure 1 , these points 

1 5 are represented by the dashed line below and to the right of Point A. 

In Figure 2, the shaded area represents where the efficient frontier will always 
lie. Points A and B in Figure 2 represent two portfolios on the efficient frontier. If the 
portfolios represented by Points A and B are perfectly positively correlated (p - 1), the 
efficient frontier curve is the solid line connecting Points A and B. This line is the 

20 weighted average of any combination of the two portfolios. If the portfolios represented 
by Points A and B are perfectly negatively correlated (p = -1 ), the efficient frontier curve 
is the dashed lines connecting Points A and B. This line shows that a certain combined 
portfolio of A and B will have a risk level equal to zero. For any portfolios A and B 
which are not perfectly correlated (- 1< p < 1 ), the efficient frontier curve must lie in the 

25 shaded area of Figure 2, which is bordered by the perfectly positive and negative 
correlation lines. To lie in this shaded area between any two points on the -efficient 
frontier, it must have the concave downward shape. 

The efficient frontier is the curve that yields the highest expected return for a 
given level of risk. All other combinations of the assets selected to comprise the 

30 portfolio will result in a lower expected return for a given risk level. In particular, the 
risk-return plot of each individual asset will lie below and to the right of the efficient 
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frontier. The efficient frontier represents the optimum risk-return opportunities available 
to an investor from a portfolio of risky assets. 

Although variance is the measure of risk used to depict the efficient frontier in 
Figure 1 , an efficient frontier may be determined in terms of other risk measures as well. 
5 (See for example, "Post-Modern Portfolio Theory Comes of Age," B. Rom and K. 
Ferguson, The Journal of Investing, Fall 1994). 

Ideally, a rational investor would choose to invest in a portfolio corresponding 
to the point on the efficient frontier that yields the highest expected return consistent 
with the investor's tolerance for risk. An investor who is highly risk averse should 

1 0 choose a point on the efficient frontier that provides a lower risk than an investor who 
is less risk averse. Consequently, the investor that is more highly risk averse will attain 
a lower expected return than would be attained by the less risk averse investor. 
Nevertheless, by choosing a portfolio that lies on the efficient frontier, each investor will 
attain the highest expected return attainable for a given level of risk. In practice, 

15 however, most investors lack the time, knowledge or inclination to perform the 
calculations required to construct a portfolio on an efficient frontier. 

Many investment products available today offer the investor various risk-return 
choices. For example, an investor may choose among a finite set of portfolios, each 
comprising a different preselected mix of assets corresponding to a different risk 

20 preference. These products provide separate portfolios for each of a set of different risk 
preferences that may not lie on the efficient frontier. Similarly, investment products 
which allow an investor to select his or her own mix of various assets or portfolios will 
generally not result in a portfolio that lies on the efficient frontier. In short, investment 
products currently available to investors are suboptimal. They fail to provide the 

25 investor with the highest attainable expected return for a given level of risk. Also, 
current products do not pool investors with different risk tolerances to take advantage 
of diversification. 

Therefore, what is needed is a system and method for allocating the returns from 
a single portfolio to a plurality of investors with different risk tolerances as a function 
30 of the preferred risk-retum combinations chosen by the investors. Also, what is needed 
is a system that will provide to each investor risk-return opportunities that lie on or 



WO 00/14664 



PCT/US99/17030 



above an efficient frontier so that each investor will attain the highest achievable 
expected return for a given level of risk and the potential to earn more than the investor 
could have earned if the investor invested in an efficient portfolio on his or her own. 

Summary of the Invention 

5 An object of the present invention is therefore to provide a system and methods 

for providing to participating investors risk-return opportunities that lie on or above an 
efficient frontier. Another object of the present invention is to provide a system and 
methods for allocating the returns from a single portfolio to a plurality of investors with 
different risk tolerance levels as a function of the risk-return preferences chosen by the 

10 investors. 

The present invention provides a method for distributing returns from an 
investment portfolio to a plurality of participants with different risk tolerances by 
allocating a portion of the portfolio return to each participant on the basis of a risk-return 
preference selected by the participant. The risk-return combination to be selected by each 

1 5 participant may be one of a plurality of points offered to the participants, each point 
corresponding to a different investment objective such as conservative, moderate, 
aggressive, etc. The present invention also provides a method for distributing returns 
from a portfolio lying on an efficient frontier, comprising the steps of determining a 
portfolio corresponding to a point on an efficient frontier and distributing returns from 

20 said portfolio among said participants. The point on the efficient frontier to which the 
portfolio corresponds is associated with risk-return points on the efficient frontier 
selected by the participants. The point on the efficient frontier to which the portfolio 
corresponds may be selected to correspond to a level of risk associated with risk levels 
selected by each participant In particular, the point may be selected to correspond to a 

25 risk level equal to a weighted average of risk levels selected by each participant, where 
the weighting is based on the participant's share of the total value of the portfolio. 
Alternatively, the point on the efficient frontier to which the portfolio corresponds may 
be selected to correspond to an expected return associated with expected returns selected 
by the participants. In particular, the point may be selected to correspond to an expected 

30 return equal to a weighted average of the expected returns selected by each investor. 
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The returns from the portfolio are distributed to the participants according to a 
predetermined allocation function. The allocation function will allocate earnings based 
on each participant's selected risk level and expected return. 

The present invention provides a system for distributing returns from an 

5 investment portfolio among a plurality of participants with different risk tolerances 
comprising: memory for storage of data representative of risk-return points selected by 
each of said participants; and a processor for: (a) determining the returns of the portfolio; 
and (b) determining a distribution of the returns to each participant as a function of the 
risk-return points selected by the participants. 

1 0 The present invention also provides a system for distributing returns from an 

investment portfolio lying on an efficient frontier among a plurality of participants with 
different risk tolerances comprising: (a) memory storage for storing (i) data 
representative of investment risk and expected returns associated with assets in a group 
of selected assets; (ii) and data representative of risk-return points selected by each of 

1 5 said participants; and (b) a processor for (i) determining an efficient frontier from said 
data representative of said investment risk and said expected returns associated with said 
assets, (ii) determining a portfolio corresponding to a point on said efficient frontier, 
(iii) determining returns from said portfolio, and (iv) determining a distribution of said 
returns to each of said participants. 

20 According to one aspect of the invention, a portfolio manager determines a 

portfolio of assets to be invested in by each of a plurality of participants, each with a 
different risk-return preference. Preferably this portfolio will lie on an efficient frontier 
of risk-return opportunities and each participant would select their chosen risk-return 
preference point on the efficient frontier based on such factors as his or her risk 

25 tolerance, investment time horizon and financial situation. The portfolio manager would 
construct a portfolio that lies on the point of the efficient frontier that corresponds to the 
level of risk equal to the weighted average of risks levels chosen by each participant. 
The expected return of the portfolio so constructed will be greater than the weighted 
average of expected returns chosen by the participants. Alternatively, the portfolio 

30 manager could construct a portfolio that lies on the point of the efficient frontier 
corresponding to an expected return equal to the weighted average of the expected 
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returns selected by the participants. The risk associated with a portfolio so constructed 
will be less than the weighted average of risk levels selected by the participants. The 
portfolio could also be constructed to be at other points on the efficient frontier. 

The actual return of the efficient portfolio may be allocated to each participant 

5 based on the risk-return point selected by the participant The present invention may 
allocate to each participant an optimal return for his or her investment given the 
participant's selected risk level and expected return. 

The present invention incorporates various measures of risk including standard 
deviation, semi-variance about a target return and value at risk. The present invention 

10 further encompasses different allocation methods for optimally distributing the actual 
return of the efficient portfolio among participants. 

The principles of the present invention may be applied to any financial product 
that includes an investment component including mutual funds, variable annuities, 
variable universal life, 401 (k) plans, etc. Another aspect of the present invention is the 

15 capability of providing guarantees with respect to the returns allocated to each 
participant. For example, a minimum rate of return each year or over a period of years 
can be provided. The guarantee could also be based on the return of other assets or an 
index such as the S&P 500. Further, these guarantees can vary according to selected risk 
levels and could be optional. 

20 These and additional features and advantages of the present invention will 

become further apparent and better understood with reference to the following detailed 
description and attached drawings. 

Brief Description of the Drawings 
Figure 1 is a graph of the minimum variance frontier of risky assets; 
25 Figure 2 is a graph of the boundaries of the efficient frontier between two assets; 

Figure 3 is a plot of risk return points associated with portfolios on an efficient 
frontier; 

Figure 4 is a functional block diagram of an embodiment of the present 
invention; 

30 Figure 5 is a plot of operating points on an efficient frontier; 
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Figure 6 is a graph of the distribution of the return from an efficient portfolio 
based on each participant's selected risk level; and 

Figure 7 is a graph of the distribution of the return from an efficient portfolio 
based on each participant's selected expected return. 

5 Detailed Description of th e Preferred Embodiments 

A diagram of a preferred embodiment of the present invention is shown in 
Figure 4 as system 2. The functions of system 2 may be implemented in special purpose 
hardware or in a general or special purpose computer operating under the directions of 
software, and in conjunction with memory storage and input/output devices. In a 

1 0 preferred embodiment the functions of system 2 are controlled by software instructions 
which direct a computer or other data processing apparatus to receive inputs, perform 
computations, transmit data internally, transmit outputs and effectuate the receipt and 
transfer of funds as described herein. 

The present invention provides a system for distributing returns from an 

15 investment portfolio among a plurality of participants with different risk tolerances 
comprising: memory for storage of data representative of risk-return points selected by 
each of the participants; and a processor for (a) determining the returns of the portfolio 
and (b) determining a distribution of the returns to each participant as a function of the 
risk-return points selected by the participants. 

20 The present invention also provides a system for distributing returns from an 

investment portfolio lying on an efficient frontier among a plurality of participants 
comprising : ( 1 ) memory storage for storing (a) data representative of investment risk and 
expected returns associated with assets in a group of selected assets (b) and data 
representative of risk-return points on an efficient frontier selected by each of said 

25 participants; and (2) a processor for (a) determining said efficient frontier from said data 
representative of said investment risk and said expected returns associated with said 
assets, (b) detennining a portfolio corresponding to a point on said efficient frontier, (c) 
determining returns from said portfolio, and (d) determining a distribution of said returns 
to each of said participants. The participants may comprise individuals, institutional 

30 investors, corporations, employers or any combination thereof. The principles of the 
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present invention may be applied to any financial product with an investment 
component, including mutual funds, variable annuities, variable universal life, 401 (k) 
plans, etc. 

Referring to Figure 4, a system manager 1 0 maintains functional control of 
5 system 2. System manager 1 0 is preferably implemented as a main program module of 
a software program that comprises various subroutines or modules to perform the 
functions of the present invention as described herein. Various software structures may 
be implemented by persons of ordinary skill in the art to implement the methods of the 
present invention. The invention is not limited to the embodiments described herein. 
10 system manager 10 receives data from an input list 15, and utilizes this data to 

determine an efficient frontier, as will be described below. Input list 15 comprises the 
data required to determine the efficient frontier. This would include estimated expected 
returns for each of a set of N assets and the data specifying risk characteristics of the set 
of N assets and combinations of those assets. Input list 15 may further comprise 

1 5 expected returns and data specifying the risk characteristics for asset classes as well as 
individual assets. For example, if standard deviation is used as the measure of risk, input 
list 15 would include the estimated variance or standard deviation of each asset and 
estimates of the covariances, Cov(r f , rj ), between each subset of two assets, (a^, that 
can be formed from the set of N assets used to construct the efficient frontier. If a risk 

20 measure other than standard deviation is used, there are other ways that the risk 
characteristics of the assets can be specified. For example, a multivariate probability 
distribution function for the returns of the assets and all combinations of the assets may 
be specified, with expected returns and risks derived from the specified distribution 
function. Alternatively, a desired risk measure may be expressed as a function of the 

25 standard deviations and covariances of the assets. Various measures of risk for 
determining an efficient frontier and the input information necessary to compute these 
measures of risk are known in the art. (See for example, "Post-Modem Portfolio Theory 
Comes of Age," B. Rom and K. Ferguson, The Journal of Investing, Fall 1994). 

The assets selected for inclusion in an efficient portfolio 30 to be constructed 

30 according to the present invention will typically be selected by human input based upon 
asset analysis. The expected returns and covariances of input list 15 are derived 
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primarily from historical data and analysis of the various assets selected to compute the 
efficient frontier. The data of input list 1 5 may be derived or transferred to system 2 
from an external database or other data storage. Alternatively, these data may be input 
to system 2 by means of a terminal comprising a keyboard and video monitor. The data 

5 of input list 1 5 may be stored in any compatible memory location such as random access 
memory, magnetic tape or other memory configuration. 

System manager 1 0 also receives participant data from a participant data file 25 . 
Participant data file 25 comprises an expected rate of return, u f , and a selected risk level, 
4i, selected by each participant, i. In a preferred embodiment, the risk-return 

1 0 combination selected by each participant corresponds to one of a plurality of points on 
an efficient frontier. Efficient frontiers are determined by system 2, as described below. 
Participant data file 25 would comprise the point on the efficient frontier chosen by each 
investor, each point being represented by a different number or other distinct symbol. 
Each symbol would correspond to an expected return and risk level chosen by the 

1 5 investor, and the actual expected return and risk level corresponding to the selected point 
need not be stored directly in participant data file 25. Participant data file 25 further 
comprises the amount, x* invested by each participant, i. The amount x s includes the 
principal invested by the i' h participant plus any prior earnings of the i* participant to be 
reinvested, less any withdrawals. 

20 The data of input list 15 is input to an optimization routine 20. Optimization 

routine 20 functions to determine an efficient frontier based upon the data of input list 
1 5, by determining the portfolio weights, w f , that will yield the highest expected return 
for a combined portfolio of assets for a given level of risk. The portfolio weight, w„ is 
the proportion of the value of the i^ asset to the total value of all assets to be included 

25 in efficient portfolio 30. Equivalent^, optimization routine 20 functions to determine 
the optimum portfolio weights, w f , that yield the lowest level of risk for a combined 
portfolio for a given expected return. Optimization routine 20 may be implemented as 
a software subroutine that is called by system manager 10 whenever it is necessary or 
desirable to compute a new efficient frontier. Optimization routine 20 may be 

30 implemented using commercially available software that implements any suitable 
optimization algorithm. Alternatively, an optimization program could be developed by 
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5 



a person of ordinary skill in the art of optimization using, for example, linear or 
quadratic programming, to implement the functions of optimization routine 20. 

Various measures of risk may be employed to determine an efficient frontier. For 
instance, if standard deviation is used as the measure of risk then optimization routine 
20 would find the weights, w„ for each asset that maximize r T for each possible value 



of o* in the following equations. 



N 

r T = £ w ( r ( . 
M 



N T- N 



•y T. 



l*J J 



^jg. ; = the expected value of the rate of return of a combined portfolio 

jq consisting of N assets; 

7 ( = the expected value of the rate of return of the asset (from input 

list 15); 

o T = the standard deviation of the rate of return of the combined 
portfolio; 

15 0 .= the standard deviation of the rate of return of the ifl, asset (from 

input list 15); and 

covOiij) = the covariance of the rate of return of assets a; and a, (from 
input list 15). 

Alternatively, if another risk measure is used, for each value of that risk measure, 
20 weights, w i5 would be found to maximize 7 T for each possible value of this chosen risk 
measure. When semi-variance is used as the measure of risk, a single minimum 
acceptable return, r^, will be specified for efficient portfolio 30. Other measures of risk, 
such as value at risk, may also be employed to compute efficient frontiers to implement 
the present invention. It will be understood that the present invention may be 
25 implemented to offer participants a choice among a plurality of risk measures. In fact, 
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it will be understood that the present invention may be used to determine multiple 
efficient frontiers, each corresponding to one of a plurality of risk measures selected by 
each participant All participants choosing the same risk measure would be grouped 
together and would receive returns from an efficient portfolio corresponding to a point 
5 on an efficient frontier based on the common selected risk measure. In this embodiment, 
participant data file 25 would comprise each participant's selected choice of risk 
measure. 

The output of optimization routine 20 is a set of risk-return points which define 
an efficient frontier. Associated with each risk-retum point on the efficient frontier, is 
1 0 a unique set of weights, w e . , that yields a portfolio corresponding to that risk-return point. 

Each participant selects a point on the efficient frontier that corresponds most nearly to 
that participant's risk-return preference. Although, in one embodiment, an investor 
would be afforded the choice of any point on the efficient frontier, in a preferred 
embodiment, the investor is afforded a choice of one of a plurality of pre-selected points. 

15 Thus, for example, the investor may be offered a choice of one often points on the 
efficient frontier. The participant would then choose the point closest to his or her own 
risk-return preference. The expected return and risk level coiresponding to the point 
chosen by each participant, or, alternatively, a symbol representing the chosen point, is 
input to participant data file 25. It will readily be understood that in the alternative to 

20 offering each participant a choice of points on the efficient frontier, each participant 
could be offered a choice of one of a plurality of investment objectives, such as 
conservative, moderate, aggressive, etc., which coirespond to different risk-return 
opportunities. Each investment objective could correspond to a different point on an 
efficient frontier, with each such point corresponding to a mix of assets expected to 

25 produce the chosen investment objective. 

System manager 1 0 selects an operating point on the efficient frontier. The 
operating point may be a predetermined point chosen independently of the efficient 
frontier points selected by the participants. In a preferred embodiment, however, an 
operating point is chosen that is associated with the risk-return points selected by the 

30 participants according to an operating point selection function. The operating point on 
the efficient frontier selected by system manager 1 0 may be selected to correspond to a 
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level of risk associated with risk levels selected by each participant. In particular, the 
operating point may be selected to correspond to a risk level equal to a weighted average 
of risk levels selected by each participant. Alternatively, the operating point on the 
efficient frontier selected by system manager 10 may be selected to correspond to an 
5 expected return associated with expected returns selected by the participants. In 
particular, the operating point may Deselected to correspond to an expected return equal 
to a weighted average of the expected returns selected by each participant. It will be 
understood that the present invention may be implemented to offer participants a choice 
among a plurality of operating point selection functions. In fact, it will be understood 
1 0 that the present invention may be used to construct multiple efficient portfolios, each 
portfolio corresponding to a point on an efficient frontier selected by one of a plurality 
of operating point selection functions chosen by each participant. All participants 
choosing the same operating point selection function would be grouped together and 
would receive returns from an efficient portfolio according to their common selected 
1 5 operating point function. In this embodiment, participant data file 25 would comprise 
each participant's selected choice of operating point function. 

Referring to Figure 3, system manager 10 could construct a portfolio that lies on 
a point of the efficient frontier corresponding to an expected return equal to the weighted 
average of the expected returns selected by the participants. In this case, the standard 
20 deviation associated with a portfolio so constructed will be less than the weighted 
average standard deviation selected by the participants for the computed average 
expected return. For example, efficient portfolios A and B in Figure 3 can be combined 
to form portfolio C. The expected return of portfolio C equals the weighted average © 
expected return for portfolios A and B (u c = a> A u A + co B u B ) and the standard deviation of 
25 portfolio C is less than the weighted average standard deviation of portfolios A and B, 
if the assets in A and B are not perfectly correlated. As seen in Figure 3, system 
manager 10 can achieve a lower standard deviation with portfolio Y on the efficient 
frontier with the same expected return as portfolio C. 

Alternatively, system manager 1 0 would construct a portfolio that lies on a point 
30 of the efficient frontier, that corresponds to the standard deviation equal to the weighted 
average of the standard deviations chosen by each participant. The expected return of 
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the portfolio so constructed will be greater than the weighted average expected return 
chosen by the participants for the computed average standard deviation. In Figure 3, 
Portfolio Z can be constructed on the efficient frontier such that the standard deviation 
of Portfolio Z equals the weighted average standard deviation of Portfolios A and B 
5 = & AV i A + © B n B ). The expected return of Portfolio Z would be greater than the 
weighted average expected return of Portfolios A and B. This could be thought of as 
starting at efficient portfolio Y (in Figure 3), with standard deviation less than the 
weighted average standard deviation of combined Portfolios A and B, and moving up 
the efficient frontier to Portfolio Z, with standard deviation equal to the weighted 
1 0 average standard deviation of the combined portfolios. 

In one embodiment, the operating point selection function is implemented by 
system manager 10 to compute a weighted average risk level, £ T , or a weighted average 
expected rate of return, \i T , based on participant data from participant data file 25. For 

example, system manager may compute £ T as follows: 

P 

is $7=2; *A 

1=1 

where: 4, = the risk level selected by the i* participant; 

= the proportion of the i* participants current balance, Xj, to the 
total current balance in the portfolio; 

P P 
x, / E x,; where Z g>, = 1 ; and 
i=J i=l 

20 P is the number of participants. 

Alternatively, a different operating point selection function may be implemented by 
system manager 10 to compute a weighted average rate of return, ^i T , as follows: 

P 

n 7 . = E (d,h, 

i 

where |ij is the expected rate of return selected by the i* participant. 
25 Referring to Figure 5, system manager 10 will then construct an efficient 

portfolio 30 that lies on the efficient frontier at an operating point, B, corresponding to 
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the computed value of $ T , or at an operating point, C, corresponding to u T . A portfolio 
corresponding to point B will be a portfolio that provides an expected return that is 
greater than the weighted average of the expected returns selected by the participants at 
a risk level that is equal to the weighted average of risk levels selected by the 
participants. A portfolio corresponding to point C will result in a portfolio that provides 
an expected return that is equal to the weighted average of expected returns selected by 
the participants at a risk level that is lower than the weighted average of risk levels 
selected by the participants. Other operating points could be chosen. 

Efficient portfolio 30, corresponding to point B, may be constructed from the 
set of assets specified by input list 15 utilizing the weights, w e n , determined by 

optimization routine 20 corresponding to point B on the efficient frontier. Alternatively, 
efficient portfolio 30, corresponding to point C, may be constructed from the set of 
assets specified by input list 15 utilizing the set of weights, V, determined by 

optimization routine 20 corresponding to point C on the efficient frontier. 

Once the operating point on the efficient frontier is selected, system manager 10 
instructs buy/sell module 40 to execute trades to buy and sell assets as necessary to 
achieve a portfolio of assets corresponding to the assets of input list 15 in proportions 
determine by the weights, >/, corresponding to the selected operating point on the 

efficient frontier. 

Periodically (daily, monthly, etc.), system manager 10 will compute the actual 
return on efficient portfolio 30 based on current asset prices from current asset price date 
file 35: 



A' 

e x- e e 



T „=1 

where: r* = the actual rate of return of efficient portfolio 30 for the most recent time 

interval; 

w e = the proportion of the total portfolio invested in the kth asset; and 
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r e - the actual rate of return of the kth asset in the portfolio for the 

n 

most recent time interval. 
Current asset prices from current asset data price file 35 may be obtained from one or 
more external data sources, and may be stored in a memory location accessible to system 

5 manager 10. The actual return, Rj of efficient portfolio 30, is then distributed among 

the participants according to a pre-specified allocation function by allocation module 50. 
It will be understood that actual and expected returns referred to herein for each asset 
and for efficient portfolio 30 are returns after deductions for expenses and costs have 
been made. It will further be understood that actual and expected returns may be 
1 0 positive or negative. That is, each asset and efficient portfolio 30 may produce a loss 
(negative return) or a gain (positive return). It will also be understood that the methods 
for allocating the returns from efficient portfolio 30, as disclosed herein, also apply to 
the allocation of returns from any single portfolio, even one that does not lie on an 
efficient frontier. 

15 The present invention comprises a method of allocating returns from a single 

portfolio to a plurality of participants according to each participant's selected risk-return 
preference. A variety of allocation functions could be implemented by allocation module 
50. In fact, it will be understood that the present invention may be used to construct 
multiple portfolios, each portfolio return being distributed to its participants according 

20 to a different pre-specified allocation function. Indeed, the present invention may be 
implemented to allow each participant to select his or her preferred allocation function. 
All participants choosing the same allocation function would be grouped together and 
would receive returns from an efficient portfolio according to their common selected 
allocation function. In this embodiment, participant data file 25 would comprise each 

25 participant's selected choice of allocation function. 

Generally, the rate of return, rj, allocated to each participant, may be expressed 
as some function of the expected rate of return and risk level chosen by each participant. 
That is, r, = f(n„ M* Mr. 5i. t» £ « • ° ne such ^location function is: 
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where (jij, are the expected percentage return and risk level chosen by the i th 
participant. The actual dollar amount of return, Rj, received by each participant is: 

R. = dbfa + cb g ^ 

where is i* participant's current balance in the portfolio at the beginning of the 
5 allocation period. The symbols d and c represent quantities that will depend upon the 
specific pre-defined allocation method selected for distribution of the actual return from 
portfolio 30. The returns, Rj, are allocated to each participant periodically (e.g., 
monthly, annually, etc.). The quantities, \x { and £ will depend on the allocation 
frequency. For example, if returns are allocated monthly, then ^ and £ will be monthly 
10 values. The quantities, c & d, are recalculated each time returns are allocated. I^can 
be positive or negative. 

The total distribution to all participants will be equal to the actual return, R e T of 



portfolio 30: 



P P p 

1 i=l 1=1 M 



15 By appropriate selection of c and d, a desired allocation of the total return can be 
obtained 

Consider for example an efficient portfolio at operating point B in Figure 5, 
where the expected return is greater than the weighted average of expected returns 
selected by the participants and the risk level of the portfolio is equal to the weighted 
20 average of risk levels chosen by the participants. Choosing d = 1 results in: 



c = 



Since the expected return amount of efficient portfolio 30 is greater than EbjU lV the 
expected value of c, c, is greater than zero. Notice, however, that the variance of c is 

equal to 1: 

VM^ V<HR ^ - 1 

25 Kar(c) = = - = 1 



19 



WO 00/14664 



PCT/US99/17030 



Each participant receives a rate of return in a given allocation period of r, =fi, + c\ and 
an amount oft. The expected value of r p E(r) is equal to f^cq,, which is greater than u„ 
since c >0 . Further, since Var(c)=l , the standard deviation of rj = 5,. Therefore, each 
participant receives a return that has the same risk level aschosen by the participant but 

5 an expected return that is higher than the expected return chosen by the participant. This 
distribution is illustrated in Figure 6. According to this allocation method each 
participant can expect to receive a rate of return that is a function of his or her selected 
level of risk. If an investor selects a high level of risk, he or she will receive a greater 
share of the deviation of the actual return from the expected return, positive or negative. 

1 0 For example, if the actual return of portfolio 30 falls below the average expected return 
of participants, then participants who chose a higher level of risk would incur a greater 
amount of the deficiency than participants who chose a lower risk level. Conversely, if 
the actual return of portfolio 30 is above the expected return then participants who chose 
a higher risk level would receive a greater amount of the excess man participants who 

1 5 chose a lower risk level. Consider now, an efficient portfolio at operating point C in 
Figure 5 . Then, c = 0 and Var(c) < 1 . In this case, each participant receives a return that 
has the same expected value as selected by the participant but with a lower risk level. 
An alternative allocation is attained by choosing d = R e T /Lb,\i„ where R e T is the 

expected value of the return of the efficient portfolio, so that: 

20 



and 



c = 



Then, c = 0 with variance equal to 1 . Each participant will receive a rate of return, 
= da, + djj. The expected rate of return per participant is therefore dp.; > u ( with 
25 standard deviation According to this allocation method, each participant's expected 
rate of return is a function of the ratio of the expected return of portfolio 30 to the 
weighted average of returns selected by the participants. This is illustrated in Figure 7. 
Other allocation methods can be implemented by allocation module 50. The rates of 
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return for each participant, ri, and the dollar amount of the return for each participant, R<, 
will be recorded in a system memory and allocated to the participants. The participant 
return, may then be transferred electronically to a memory location corresponding to an 
account of the participant. The amount of the participants return, R^, will be 
5 algebraically added to the participant's investment amount and any withdrawals will be 
subtracted from the participant's investment amount. 

As the assets in efficient portfolio 30 change in value over time, the proportion 
of the value of each asset to the total value of all assets will change. Therefore, the 
actual weights of each asset will deviate from the optimal values, w *, determined by 

10 optimization module 20 corresponding to the selected operating point on the efficient 
frontier. Therefore, it is desirable to periodically buy and sell portions of assets 
comprising efficient portfolio 30 as necessary to maintain the weight of each asset as 
close as possible to the optimal weights. Assets comprising efficient portfolio 30 may 
be brought and sold as needed by buy/sell module 40 as directed by system manager 10. 

1 5 This may be accomplished by electronic funds transfer methods well known in the art. 

Periodically, the operating point of the efficient frontier must be redetermined. 
This will occur whenever a new participant is admitted, deposits or withdrawals are 
made, or a participant changes his or her point on the efficient frontier. Periodically, 
efficient portfolio 30 must be redetermined to reflect changes in the assets comprising 

20 the portfolio and changes in the expected risks, returns, and correlations of the assets 

comprising the portfolio. 

When different assets are to be included in efficient portfolio 30 it is necessary 

for optimization routine 20 to redetermine the efficient frontier based on a new input list 

1 5 . The present invention may be implemented to provide guarantees with respect to the 
25 returns allocated to each participant. For example, a minimum rate of return -each 

investment period or over a series of investment periods can be provided. The guarantee 

can also be tied to the rate of return of other assets or an index such as the S&P 500. 

Further, these guarantees can vary according to risk levels selected by the participants. 

Guarantees can be optional for each participant. When guarantees are provided the risk 
3 0 that the actual return for each participant falls below the guaranteed level is absorbed by 

the provider of the efficient portfolio. 
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While this invention has been described with reference to the foregoing preferred 
embodiments, the scope of the present invention is not limited by the foregoing written 
description. Rather, the scope of the present invention is defined by the following claims 
and equivalents thereof. 

We claim: 
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CLAIMS 

1. A method for distributing returns from an investment portfolio to a 
plurality of participants comprising the steps of: 

distributing returns from said portfolio among said participants as a 
function of risk-return points chosen by the participants. 

2. The method of claim 1 wherein said portfolio corresponds to a point on 
an efficient frontier. 

3 . The method of claim 2, wherein said point on said efficient frontier is 
associated with risk-return points on the efficient frontier selected by the participants. 

4. The method of claim 2, wherein said point on said efficient frontier 
corresponds to a level of risk associated with risk levels selected by each of said 
participants. 

5. The method of claim 2, wherein said point on said efficient frontier 
con-esponds to a level of risk equal to a weighted average of risk levels selected by each 
participant. 

6. The method of claim 2, wherein said point on said efficient frontier 
corresponds to an expected return associated with expected returns selected by each of 
said participants. 

7. The method of claim 2, wherein said point on said efficient frontier 
corresponds to an expected return equal to a weighted average of expected returns 
selected by each participant 
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8. The method of claim 1 , wherein said returns are distributed as a function 
of the extent to which the returns deviate from a weighted average of expected returns 
selected by the participants. 

9. The method of claim 1 , wherein an expected rate of return for each 
5 participant is a function of his or her selected level of risk. 

1 0. The method of claim 1 , wherein said returns are distributed as a function 
of the extent to which the returns deviate from an expected return for said portfolio. 

11. The method of claim 1 5 wherein an expected rate of return for each 
participant is a function of the ratio of an expected return of said portfolio to a weighted 

1 0 average of expected returns selected by the participants. 

1 2. A system for distributing returns from an investment portfolio among a 
plurality of participants comprising: 

memory storage for: 

storing data representative of risk-return points selected by^ach 

1 5 of said participants; 

a processor for: 

determining a distribution of said returns to each of said 
participants as a function of said risk-return points. 

1 3 . The system of claim 12, wherein 

20 said memory storage further provides: 

storage for data representative of investment risk and expected 
returns associated with assets in a group of selected assets; and 
said processor further provides for: 

determining an efficient frontier from said data representative of 
25 said investment risk and said expected returns associated with said 

assets; and 
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determining a portfolio corresponding to a point on said efficient 
frontier; - 

14. The system of claim 1 3, wherein said point on said efficient frontier is 
associated with risk-return points on the efficient frontier selected by the participants. 

5 15. The system of claim 13, wherein said point on said efficient frontier 

corresponds to a level of risk equal to a weighted average of risk levels selected by each 
participant. 

16. The system of claim 13, wherein said point on said efficient frontier 
corresponds to an expected return equal to a weighted average of expected returns 

10 selected by each participant 

17. The system of claim 1 2, wherein said returns are distributed as a function 
of risk return points chosen by the participants. 

18. The system of claim 12, wherein said returns are distributed as a function 
of the extent to which the returns deviate from a weighted average of expected returns 

1 5 selected by the participants. 

19. The system of claim 12, wherein an expected rate of return for each 
participant is a function of his or her selected level of risk. 

20. The system of claim 1 2, wherein said returns are distributed as a function 
of the extent to which the returns deviate from an expected return for said portfolio. 



20 



21. The method of claim 1 2, wherein an expected rate of return for each 
participant is a function of the ratio of an expected return of said portfolio to a weighted 
average of expected returns selected by the participants. 
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